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ON HYPERSURFACES SATISFYING CONDITIONS DETERMINED BY
THE OPOZDA-VERSTRAELEN AFFINE CURVATURE TENSOR
RYSZARD DESZCZ, MA LGORZATA G LOGOWSKA AND MARIAN HOTLOS´
Dedicated to Professor Udo Simon on his eighty-second birthday
Abstract. Using the Blaschke-Berwald metric and the affine shape operator of a hypersur-
face M in the (n+1)-dimensional real affine space we can define some generalized curvature
tensor named the Opozda-Verstraelen affine curvature tensor. In this paper we determine
curvature conditions of pseudosymmetry type expressed by this tensor for locally strongly
convex hypersurfaces M , n > 2, with two distinct affine principal curvatures or with three
distinct affine principal curvatures assuming that at least one affine principal curvature has
multiplicity 1.
1. Introduction
Let An+1, n ≥ 2, be the standard (n+1)-dimensional real affine space, i.e. Rn+1 equipped
with its standard flat connection ∇˜ and the volume element Θ˜ given by the determinant.
Since ∇˜ has no torsion and Θ˜ is parallel with respect to ∇˜, the pair (∇˜, Θ˜) determines an
equiaffine structure on Rn+1. The space An+1 is a homogeneous space under the natural
action of the unimodular affine group SL(n + 1,R) ∝ Rn+1 [44, Preliminaries]. Further, let
M be a connected non-degenerate hypersurface in An+1 with the affine normal ξ and the
induced equiaffine structure (∇, θ) (see, e.g., [38, 39, 42, 44, 51, 52]). Using the curvature
tensor R of the connection ∇, the affine shape operator S, the Blaschke-Berwald metric h of
M , and the Gauss and the Ricci equations of M in An+1,
R(X, Y )Z = h(Y, Z)SX − h(X,Z)SY and h(X, SY ) = h(Y, SX),
we can define the generalized curvature tensor R∗ named the Opozda-Verstraelen affine
curvature tensor of M [44, 45]. Namely, we have
R∗(X1, . . . , X4) = h(R(X1, X2)SX3, X4) = h(h(X2, SX3)SX1 − h(X1, SX3)SX2, X4)
= h(X2, SX3)h(SX1, X4)− h(X1, SX3)h(SX2, X4)
= h(X1, SX4)h(X2, SX3)− h(X1, SX3)h(X2, SX4),(1.1)
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where X, Y, Z,X1, . . . , X4 are tangent vector fields on M . The tensor R
∗ will be also called
the Opozda-Verstraelen tensor. If we set
S(X, Y ) = h(X, SY )(1.2)
then (1.1) turns into
R∗(X1, . . . , X4) = S(X1, X4)S(X2, X3)− S(X1, X3)S(X2, X4),
i.e., in short, we have
R∗ =
1
2
S ∧ S.(1.3)
We refer to sections 2 and 3 for precise definitions of the symbols used. These sections also
contain preliminary results. We mention that in sections 2, 4 and 5 we will denote by S the
Ricci tensor of the considered semi-Riemannian manifolds (M, g). In Section 4 we present
a survey on semi-Riemannian manifolds satisfying curvature conditions named conditions of
pseudosymmetry type. For a more wider presentation on such conditions we refer to [15,
Sections 1 and 3] (see also [19, Section 1]). These conditions determine certain classes of semi-
Riemannian manifolds, for instance: pseudosymmetric manifolds, Ricci-pseudosymmetric
manifolds and manifolds with pseudosymmetric Weyl tensor. Curvature tensor R of some
semi-Riemannian manifolds (M, g) is a linear combination of the Kulkarni-Nomizu products
formed by Ricci tensor S and the metric g, as S ∧ S, g ∧ S and g ∧ g. Such manifolds are
called Roter type manifolds, or Roter manifolds, or Roter spaces. Section 5 is related to
that class of manifolds. From Proposition 3.2 it follows that on any Roter space various
conditions of pseudosymmetry type are satisfied. For a more wider presentation on Roter
type manifolds we refer to [15, Sections 1 and 3].
Let Ric(R∗), κ(R∗) and
Weyl(R∗) = R∗ −
1
n− 2
h ∧ Ric(R∗) +
κ(R∗)
2(n− 2)(n− 1)
h ∧ h,(1.4)
be the Ricci tensor, the scalar curvature and the Weyl tensor determined by the metric h
and the tensor R∗, respectively [44]. From (1.3), by suitable contractions with respect to h,
we get (cf. [44, eq. (2.12)])
(a) Ric(R∗) = trh(S)S − S
2, (b) κ(R∗) = (trh(S))
2 − trh(S
2),(1.5)
where hij, h
ij, Sij and S
2
ij = Sikh
klSlj are the local components of the tensors h, h
−1, S and
S2, respectively. It is obvious that the tensors R∗ and Weyl(R∗) are generalized curvature
tensors. For these tensors and the tensors h and Ric(R∗) we can define the following (0, 6)-
tensors (see sections 2 and 3): R∗ · R∗, R∗ ·Weyl(R∗), Weyl(R∗) · R∗, Weyl(R∗) ·Weyl(R∗),
Q(h,R∗), Q(Ric(R∗), R∗), Q(h,Weyl(R∗)) and Q(Ric(R∗),Weyl(R∗)). Non-degenerate hy-
persurfacesM in An+1, n ≥ 3, satisfying conditions imposed on R∗ and some tensors obtained
from R∗ were investigated in [8, 9, 44, 45]. For instance, in [9] (see also Theorem 6.1) it was
proved that the following identity is satisfied on any hypersurface M in An+1, n ≥ 3,
R∗ · R∗ = Q(Ric(R∗), R∗).(1.6)
We denote by US the set of all points x of a non-degenerate hypersurfaceM in A
n+1, n ≥ 3,
at which the affine shape operator Sx is not proportional to the identity transformation Idx
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at this point. The hypersurface M in An+1, n ≥ 3, is said to be affine quasi-umbilical at
x ∈ US if at this point [43]
rank(S − ρ h) = 1, for some ρ ∈ R.(1.7)
For a locally strongly convex hypersurface M in An+1, n ≥ 2, h is positive definite. Further,
let ρ1, ρ2, . . . , ρn be eigenvalues of the affine shape operator Sx at a point x ∈ M ; they are
called the affine principal curvatures (see, e.g., [38, p. 51], [39, p. 55]). Without loss of
generality we can write that if a locally strongly convex hypersurface M in An+1, n ≥ 3, is
affine quasi-umbilical at x then at this point we have λ1 = ρ1 and λ2 = ρ2 = · · · = ρn. We
refer to [28, 29, 35, 50, 57] for examples of affine quasi-umbilical hypersurfaces. It easy to
check that if (1.7) holds at a point x ∈ US then (see, Section 5, eqs. (5.1) and (5.2))
S2 + ((n− 2)ρ− trh(S))S + ρ(trh(S)− (n− 1)ρ) h = 0(1.8)
at this point. If M is an affine quasi-umbilical hypersurface in An+1, n ≥ 3, then the
tensor Weyl(R∗) vanishes [44]. In [9] (see also Theorem 6.2) it was proved that the converse
statement is also true, provided that n ≥ 4. If the condition
S2 + L1 S + Lh = 0(1.9)
is satisfied on M in An+1, n ≥ 3, for some functions L and L1, then on M we have (see
Theorem 6.3)
R∗ · R∗ = LQ(h,R∗).(1.10)
Evidently, (1.8) is a particular case of (1.9). Thus on every affine quasi-umbilical hypersurface
M in An+1, n ≥ 3, (1.10) is satisfied (see Theorem 6.4).
According to [44, Section 2], a non-degenerate hypersurface M in An+1, n ≥ 2, is said to
be an affine Einstein∗ hypersurface if
Ric(R∗) =
κ(R∗)
n
h(1.11)
holds onM . In Theorem 6.6 we present curvature properties of affine Einstein∗ hypersurfaces.
A hypersurface M in An+1, n ≥ 3, is called affine partially Einstein∗ at a point x ∈ M if
at this point we have
(Ric(R∗))2 = ρ1Ric(R
∗) + ρ2 h, for some ρ1, ρ2 ∈ R.(1.12)
We note that from (1.12), by (1.5)(a), we get easily
S4 = 2trh(S)S
3 − (ρ1 + (trh(S))
2)S2 + ρ1trh(S)S + ρ2 h.
Let M be a non-degenerate hypersurface M in An+1, n ≥ 4. Further, let U be the set of
all points of URic(R∗) ∩ UWeyl(R∗) ⊂M at which
rank(Ric(R∗)− ρ h) ≥ 2, for any ρ ∈ R.(1.13)
In addition, let (1.10) be satisfied on U. Using (1.6), (1.10) and (1.13) we can prove that
at every point of U the tensor R∗ is a linear combination of the Kulkarni-Nomizu products
Ric(R∗)∧Ric(R∗), h ∧Ric(R∗) and h∧ h and the tensor Weyl(R∗) ·R∗ −R∗ ·Weyl(R∗) is a
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linear combination of the tensors Q(Ric(R∗),Weyl(R∗)) and Q(h,Weyl(R∗)) (see Theorem
6.5). Precisely, we have on U
Weyl(R∗) ·R∗ − R∗ ·Weyl(R∗) = Q(Ric(R∗),Weyl(R∗))−
κ(R∗)
n− 1
Q(h,Weyl(R∗)).(1.14)
A non-degenerate hypersurface M in An+1, n ≥ 4, is said to be affine 2-quasi-umbilical at
x ∈ US if at this point
rank(S − ρ h) = 2, for some ρ ∈ R.(1.15)
Without loss of generality we can write that if a locally strongly convex hypersurface M in
A
n+1, n ≥ 4, is affine 2-quasi-umbilical at x then at this point we have λ1 = ρ1, λ2 = ρ2
and λ3 = ρ3 = · · · = ρn. Theorems 7.1 and 7.2 contain results on affine 2-quasi-umbilical
hypersurfaces. For instance, if some additional conditions are satisfied then the tensor R∗ of
affine 2-quasi-umbilical hypersurfaces is a linear combination of Kulkarni-Nomizu products
formed by the tensors h, Ric(R∗) and (Ric(R∗))2 (see Theorem 7.1 for details). In Section 7
we also consider a class of locally strongly convex hypersurfaces M in An+1, n ≥ 3, having at
every point three distinct affine principal curvatures λ0, λ1 and λ2 with multiplicities 1, n1
and n2, respectively. Examples of such hypersurfaces are given in [1, 40] (see Example 7.1).
If some additional conditions are satisfied then the tensor R∗ of such hypersurfaces is a linear
combination of Kulkarni-Nomizu products formed by the tensors h, Ric(R∗) and (Ric(R∗))2
(see Theorem 7.3 for details). It is clear that locally strongly convex affine 2-quasi-umbilical
hypersurfaces belong to this class of hypersurfaces.
In the last section we apply results from Section 7 to obtain a curvature property of
pseudosymmetry type of hypersurfaces M isometrically immersed in a Riemannian space
forms Nn+1(c), n ≥ 3, having at every point three distinct principal curvatures λ0, λ1 and
λ2, with multiplicities 1, n1 and n2, respectively. Evidently, 2-quasi-umbilical hypersurfaces
belong to this class of hypersurfaces. If some additional conditions are satisfied then the
curvature tensor R ofM is a linear combination of Kulkarni-Nomizu products formed by the
metric tensor g, the Ricci tensor S and the tensor S2 of M (see Theorem 8.1 for details).
We note that curvature properties of pseudosymmetry type of hypersurfaces isometrically
immersed in an Euclidean space En+1, n ≥ 5, having at every point three distinct principal
curvatures λ0, λ1 and λ2, with multiplicities 1, n1 and n2, respectively, such that n1 = n2 ≥ 2,
were obtained in [47, Section 4]. In that paper also a class of such hypersurfaces was
determined [47, Example 5.1].
2. Preliminaries
Throughout this paper, all manifolds are assumed to be connected paracompact manifolds
of class C∞. Let (M, g) be an n-dimensional, n ≥ 3, semi-Riemannian manifold, and let ∇
be its Levi-Civita connection and Ξ(M) the Lie algebra of vector fields on M . We define on
M the endomorphisms X ∧A Y and R(X, Y ) of Ξ(M) by
(X ∧A Y )Z = A(Y, Z)X − A(X,Z)Y,
R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,
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respectively, where A is a symmetric (0, 2)-tensor on M and X, Y, Z ∈ Ξ(M). The Ricci
tensor S, the Ricci operator S and the scalar curvature κ of (M, g) are defined by
S(X, Y ) = tr{Z → R(Z,X)Y }, g(SX, Y ) = S(X, Y ), κ = tr S,
respectively. The endomorphism C(X, Y ) is defined by
C(X, Y )Z = R(X, Y )Z −
1
n− 2
(X ∧g SY + SX ∧g Y −
κ
n− 1
X ∧g Y )Z.
Now the (0, 4)-tensor G, the Riemann-Christoffel curvature tensor R and the Weyl confor-
mal curvature tensor C of (M, g) are defined by G(X1, X2, X3, X4) = g((X1 ∧g X2)X3, X4),
R(X1, X2, X3, X4) = g(R(X1, X2)X3, X4) and C(X1, X2, X3, X4) = g(C(X1, X2)X3, X4), re-
spectively, where X1, X2, . . . ∈ Ξ(M).
Let B be a tensor field sending any X, Y ∈ Ξ(M) to a skew-symmetric endomorphism
B(X, Y ), and let B be a (0, 4)-tensor associated with B by
B(X1, X2, X3, X4) = g(B(X1, X2)X3, X4) .(2.1)
It is well-known that the tensor B is said to be a generalized curvature tensor if the following
two conditions are fulfilled B(X1, X2, X3, X4) = B(X3, X4, X1, X2) and
B(X1, X2, X3, X4) +B(X2, X3, X1, X4) +B(X3, X1, X2, X4) = 0.
For B as above, let B be again defined by (2.1). We extend the endomorphism B(X, Y ) to
a derivation B(X, Y )· of the algebra of tensor fields on M , assuming that it commutes with
contractions and B(X, Y ) · f = 0 for any smooth function f on M . Now for a (0, k)-tensor
field T , k ≥ 1, we can define the (0, k + 2)-tensor B · T by
(B · T )(X1, . . . , Xk, X, Y ) = (B(X, Y ) · T )(X1, . . . , Xk)
= −T (B(X, Y )X1, X2, . . . , Xk)− · · · − T (X1, . . . , Xk−1,B(X, Y )Xk) .
If A is a symmetric (0, 2)-tensor then we define the (0, k + 2)-tensor Q(A, T ) by
Q(A, T )(X1, . . . , Xk, X, Y ) = (X ∧A Y · T )(X1, . . . , Xk)
= −T ((X ∧A Y )X1, X2, . . . , Xk)− · · · − T (X1, . . . , Xk−1, (X ∧A Y )Xk) .
In this manner we obtain the (0, 6)-tensors B ·B and Q(A,B). Substituting B = R or B = C,
T = R or T = C or T = S, A = g or A = S in the above formulas, we get the tensors R ·R,
R · C, C ·R, R · S, Q(g, R), Q(S,R), Q(g, C) and Q(g, S).
For a symmetric (0, 2)-tensor E and a (0, k)-tensor T , k ≥ 2, we define their Kulkarni-
Nomizu product E ∧ T by (see, e.g., [11, Section 2])
(E ∧ T )(X1, X2, X3, X4; Y3, . . . , Yk)
= E(X1, X4)T (X2, X3, Y3, . . . , Yk) + E(X2, X3)T (X1, X4, Y3, . . . , Yk)
−E(X1, X3)T (X2, X4, Y3, . . . , Yk)− E(X2, X4)T (X1, X3, Y3, . . . , Yk).
The tensor E ∧ T will be called the Kulkarni-Nomizu tensor of E and T .
For a symmetric (0, 2)-tensor A we denote by A the endomorphism related to A by
g(AX, Y ) = A(X, Y ). The tensors Ap, p = 2, 3, . . ., are defined by Ap(X, Y ) = Ap−1(AX, Y ).
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It is obvious that the following tensors are generalized curvature tensors: R, C and E∧F ,
where E and F are symmetric (0, 2)-tensors. We have G = 1
2
g ∧ g,
C = R−
1
n− 2
g ∧ S +
κ
(n− 2)(n− 1)
G,(2.2)
and (see, e.g., [11, Lemma 2.2(i)])
(a) Q(E,E ∧ F ) = −
1
2
Q(F,E ∧ E), (b) E ∧Q(E, F ) = −
1
2
Q(F,E ∧ E).(2.3)
Let T be a (0, k)-tensor, k = 2, 3, . . .. The tensor Q(A, T ) is called the Tachibana tensor of
A and T , or the Tachibana tensor for short (see, e.g., [18]). By an application of (2.3)(a) we
obtain on M the identities
Q(g, g ∧ S) = −Q(S,G) and Q(S, g ∧ S) = −
1
2
Q(g, S ∧ S).(2.4)
Using the tensors g, R and S we can define the following (0, 6)-Tachibana tensors: Q(S,R),
Q(g, R), Q(g, g ∧ S) and Q(S, g ∧ S). We can check, by making use of (2.3)(a) and (2.4),
that other (0, 6)-Tachibana tensors constructed from g, R and S may be expressed by the
four Tachibana tensors mentioned above or vanish identically on M . We also have
Proposition 2.1. (see, e.g., [11, Proposition 2.4]) Let (M, g), n ≥ 3, be a semi-Riemannian
manifold. Let a non-zero symmetric (0, 2)-tensor A and a generalized curvature tensor B,
defined at x ∈ M , satisfy at this point Q(A,B) = 0. In addition, let Y be a vector at x such
that the scalar ρ = w(Y ) is non-zero, where w is a covector defined by w(X) = A(X, Y ),
X ∈ TxM . Then we have:
(i) A− ρw ⊗ w 6= 0 and B = λA ∧ A, λ ∈ R,
(ii) A = ρw ⊗ w and
w(X)B(Y, Z,X1, X2) + w(Y )B(Z,X,X1, X2) + w(Z)B(X, Y,X1, X2) = 0,
where X, Y, Z,X1, X2 ∈ TxM .
Moreover, in both cases the following condition holds at x
B ·B = Q(Ric(B), B).
3. Some special generalized curvature tensors
Let {e1, e2, . . . , en} be an orthonormal basis of TxM at a point x ∈M of a semi-Riemannian
manifold (M, g), n ≥ 3, and let g(ej, ek) = εjδjk, where εj = ±1 and h, i, j, k, l,m, r, s ∈
{1, 2, . . . , n}. For a generalized curvature tensor B on M we denote by Ric(B), κ(B) and
Weyl(B) its Ricci tensor, the scalar curvature and the Weyl tensor, respectively. We have
Ric(B)(X, Y ) =
n∑
j=1
εj B(ej , X, Y, ej), κ(B) =
n∑
j=1
εj Ric(B)(ej, ej),
Weyl(B) = B −
1
n− 2
g ∧ Ric(B) +
κ(B)
(n− 2)(n− 1)
G.(3.1)
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We define the following subsets of M : UB = {x ∈ M |B 6= (κ(B)/((n − 1)n))G at x},
URic(B) = {x ∈ M |Ric(B) 6= (κ(B)/n) g at x} and UWeyl(B) = {x ∈ M |Weyl(B) 6= 0 at x}.
We note that UB = URic(B) ∪ UWeyl(B) (cf. [11]).
Let Bhijk, Thijk and Aij be the local components of the generalized curvature tensors B and
T and a symmetric (0, 2)-tensor A on M , respectively. The local components (B · T )hijklm
and Q(A, T )hijklm of the tensors B · T and Q(A, T ) are the following:
(B · T )hijklm = g
rs(TrijkBshlm + ThrjkBsilm + ThirkBsjlm + ThijrBsklm),(3.2)
Q(A, T )hijklm = AhlTmijk + AilThmjk + AjlThimk + AklThijm
−AhmTlijk − AimThljk − AjmThilk −AkmThijl.(3.3)
Let B be a generalized curvature tensor on a semi-Riemannian manifold (M, g), n ≥ 4.
The local components (B ·Weyl(B))hijklm and (Weyl(B) ·B)hijklm of the tensors B ·Weyl(B)
and Weyl(B) · B are the following:
(B ·Weyl(B))hijklm = g
rs(Weyl(B)rijkBshlm +Weyl(B)hrjkBsilm
+Weyl(B)hirkBsjlm +Weyl(B)hijrBsklm),(3.4)
(Weyl(B) ·B)hijklm = g
rs(BrijkWeyl(B)shlm +BhrjkWeyl(B)silm
+BhirkWeyl(B)sjlm + BhijrWeyl(B)sklm).(3.5)
We set Vmijk = g
rsRic(B)mrBsijk. Now (3.1), (3.4) and (3.5) give (cf. [12])
(n− 2)(B ·Weyl(B)−Weyl(B) ·B)hijklm = Q(Ric(B), B)hijklm
−
κ
n− 1
Q(g, B)hijklm + ghlVmijk − ghmVlijk − gilVmhjk + gimVlhjk
+gjlVmkhi − gjmVlkhi − gklVmjhi + gkmVljhi − gij(B · Ric(B))hklm
−ghk(B · Ric(B))ijlm + gik(B · Ric(B))hjlm + ghj(B · Ric(B))iklm.
Proposition 3.1. [37, Lemma 3.3, Theorem 3.1] Let B be a (0, 4)-tensor on a semi-
Riemannian manifold (M, g), n ≥ 3, defined by
B =
φ
2
A ∧ A+ µ g ∧A +
η
2
g ∧ g,(3.6)
where A is a symmetric (0, 2)-tensor and φ, µ, η are some functions defined on M .
(i) Let U be the set of all points of M at which φ is non-zero. Then the following conditions
are satisfied on U
A2 = φ−1((φtr(A) + (n− 2)µ)A+ (µtr(A) + (n− 1)η) g − Ric(B)),
B · A = Q(Ric(B) + (n− 2)(µ2 − φη)φ−1 g, A+ µφ−1 g),
B · B = Q(Ric(B), B) + (n− 2)(µ2 − φη)φ−1Q(g,Weyl(B)).
(ii) If φ = 0 at a point of M then Weyl(B) vanishes at this point.
According to [10], a generalized curvature tensor B on a semi-Riemannian manifold (M, g),
n ≥ 4, is called a Roter type tensor if
B =
φ
2
Ric(B) ∧ Ric(B) + µ g ∧ Ric(B) +
η
2
g ∧ g(3.7)
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on URic(B) ∩ UWeyl(B), whereby φ, µ and η are some functions on this set. Evidently, (3.7)
is a special case of (3.6). Manifolds admitting Roter type tensors were investigated among
others in [11, 13, 37]. We have
Proposition 3.2. Let B be a generalized curvature tensor on a semi-Riemannian manifold
(M, g), n ≥ 4, satisfying (3.7) on U = URic(B) ∩ UWeyl(B) ⊂M .
(i) (cf. [13, Section 3], [37, Sections 1 and 4]) The following relations hold on U
(a) (Ric(B))2 = α1Ric(B) + α2 g,
(b) α1 = κ(B) + φ
−1((n− 2)µ− 1), α2 = φ
−1(µκ(B) + (n− 1)η),(3.8)
(a) B · B = LB Q(g, B), LB = φ
−1
(
(n− 2)(µ2 − φη)− µ
)
,
(b) B ·Weyl(B) = LB Q(g,Weyl(B)),
(c) B · B = Q(Ric(B), B) + LQ(g,Weyl(B)), L = LB + φ
−1µ,(3.9)
Weyl(B) ·B = LWeyl(B)Q(g, B), LWeyl(B) = LB +
1
n− 2
(
κ(B)
n− 1
− α1
)
,(3.10)
Weyl(B) ·Weyl(B) = LWeyl(B)Q(g,Weyl(B)),
B ·Weyl(B)−Weyl(B) · B =
(
φ−1(µ−
1
n− 2
) +
κ(B)
n− 1
)
Q(g, B)
+
(
φ−1µ(µ−
1
n− 2
)− η
)
Q(Ric(B), G).(3.11)
(ii) [13, Proposition 3.2 (ii)] The following relation holds on U
Q(Ric(B),Weyl(B)) = φ−1(
1
n− 2
− µ)Q(g, B)
+
1
n− 2
(
LB −
κ(B)
n− 1
)
Q(g, g ∧ Ric(B)).(3.12)
(iii) (cf. [14, Section 3], [15, Proposition 3.3]) The following relation holds on U
Weyl(B) · B − B ·Weyl(B) = Q(Ric(B),Weyl(B))−
κ(B)
n− 1
Q(g,Weyl(B)).(3.13)
(iv) The following relation holds on U
Weyl(B) ·B +B ·Weyl(B) = Q(Ric(B),Weyl(B))
+
(
L+ LWeyl(B) −
1
(n− 2)φ
)
Q(g,Weyl(B)).(3.14)
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(v) The following relations hold on U
α2 =
1
n
(trg((Ric(B))
2)− α1κ(B)),(3.15)
(Ric(B))2 −
1
n
trg((Ric(B))
2) g = α1 (Ric(B)−
1
n
κ(B) g),(3.16)
(Ric(B))3 −
1
n
trg((Ric(B))
2) Ric(B) = α1 ((Ric(B))
2 −
1
n
κ(B) Ric(B)).(3.17)
Proof. (iii) The condition (3.13) is an immediate consequence of (3.1), (3.9)(a), (3.11)
and (3.12). (iv) The condition (3.13), by (3.9)(b), turns into
Weyl(B) ·B +B ·Weyl(B) = Q(Ric(B),Weyl(B)) +
(
2LB −
κ(B)
n− 1
)
Q(g,Weyl(B)).
Using now (3.8)(b), (3.9)(c) and (3.10) we can easily check that
L+ LWeyl(B) −
1
(n− 2)φ
= 2LB −
κ(B)
n− 1
.
The last remark completes the proof of (iv). (v) Contracting (3.8)(a) we get (3.15). Now
(3.8)(a), by (3.15), turns into (3.16). From (3.16), by a suitable contraction, we get easily
(3.17), completing the proof. 
Evidently, (1.14) is a special case of (3.13). We also have
Proposition 3.3. Let B be a generalized curvature tensor on a semi-Riemannian manifold
(M, g), n ≥ 4. Let U ⊂ URic(B) ∩ UWeyl(B) ⊂ M be the set of all points at which the tensor
(Ric(B))2 is not a linear combination of the tensors g and Ric(B).
(i) If the condition
Weyl(B) =
φ
2
Ric(B) ∧ Ric(B) + α1 g ∧ (Ric(B))
2 + α2 g ∧ Ric(B) +
α3
2
g ∧ g(3.18)
is satisfied on U, where α1, α2, α3 are some functions on this set, then
α1 =
φ
n− 2
, α2 = −
κ(B)φ
n− 2
, α3 =
((κ(B))2 − tr((Ric(B))2))φ
(n− 2)(n− 1)
.(3.19)
(ii) If the condition
B =
φ
2
Ric(B) ∧ Ric(B) + β1 g ∧ (Ric(B))
2 + β2 g ∧ Ric(B) +
β3
2
g ∧ g(3.20)
is satisfied on U, where β1, β2, β3 are some functions on this set, then
β1 =
φ
n− 2
, β2 =
1− κ(B)φ
n− 2
, β3 =
((κ(B))2 − tr((Ric(B))2))φ− κ(B)
(n− 2)(n− 1)
.(3.21)
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Proof. (i) The condition (3.18), by a suitable contraction and making use of our assump-
tions, yields (3.19). (ii) The condition (3.20), by (3.1), turns into
Weyl(B) =
φ
2
Ric(B) ∧ Ric(B) + β1 g ∧ (Ric(B))
2 + (β2 −
1
n− 2
) g ∧ Ric(B)
+
(
β3 +
κ(B)
(n− 2)(n− 1)
)
1
2
g ∧ g.
From this, in view of (i), we get immediately (3.21). 
Proposition 3.4. [15, Lemma 2.1] Let (M, g), n ≥ 3, be a semi-Riemannian manifold. Let
A be a symmetric (0, 2)-tensor on M such that rank(A) = 2 at some point x ∈ M .
(i) cf. [10, Lemma 2.1] The tensors A, A2 and A3 satisfy at x the following relations
A3 = tr(A)A2 +
1
2
(tr(A2)− (tr(A))2)A,(3.22)
A ∧ A2 =
1
2
tr(A)A ∧ A,(3.23)
A2 ∧ A2 = −
1
2
(tr(A2)− (tr(A))2)A ∧A,(3.24)
(A2 − tr(A)A) ∧ (A2 − tr(A)A) = −
1
2
(tr(A2)− (tr(A))2)A ∧A.(3.25)
(ii) Let T be a generalized curvature tensor on M satisfying
T =
φ0
2
A ∧ A+ φ2 g ∧ A+ φ3G+ φ4 g ∧ A
2 + φ5A ∧ A
2 +
φ6
2
A2 ∧ A2,
where φ0, φ2, . . . , φ6 are some functions on M . Then at given point x we have
T =
φ1
2
A ∧ A+ φ2 g ∧ A+ φ3G+ φ4 g ∧ A
2,
φ1 = φ0 + tr(A)φ5 −
1
2
(tr(A2)− (tr(A))2)φ6.
4. Pseudosymmetry type curvature conditions
It is well-known that if a semi-Riemannian manifold (M, g), n ≥ 3, is locally symmetric
then ∇R = 0 on M . This implies the following integrability condition R(X, Y ) · R = 0, in
short
R · R = 0.(4.1)
Semi-Riemannian manifolds satisfying (4.1) are called semisymmetric, see, e.g., [2, Chap-
ter 8.5.3] and [41, Chapter 1.6]. Semisymmetric manifolds form a subclass of the class of
pseudosymmetric manifolds. A semi-Riemannian manifold (M, g), n ≥ 3, is said to be pseu-
dosymmetric if the tensors R · R and Q(g, R) are linearly dependent at every point of M
(see, e.g., [2, Chapter 8.5.3], [41, Chapter 12.4], [11, 12, 20, 27, 48] and references therein).
This is equivalent to
R · R = LRQ(g, R)(4.2)
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on the set UR = {x ∈ M |R −
κ
(n−1)n
G 6= 0 at x}, where LR is some function on this set.
Every semisymmetric manifold is pseudosymmetric. The converse statement is not true (see,
e.g., [27]). We note that (4.2) implies
(a) R · S = LRQ(g, S) and (b) R · C = LRQ(g, C).(4.3)
It is well-known that (M, g) is said to be an Einstein manifold if at every point of M
its Ricci tensor S is proportional to the metric tensor g, i.e., S = κ
n
g on M . We denote
by US the set of all points of (M, g) at which S is not proportional to g, i.e., US = {x ∈
M |S − κ
n
g 6= 0 at x} and by UC the set of all points of M at which C 6= 0. We note that
US ∪UC = UR (see, e.g., [11]). The conditions (4.2), (4.3)(a) and (4.3)(b) are equivalent on
the set US ∩ UC of any warped product manifold M1 ×F M2, with dim M1 = dimM2 = 2
(see, e.g., [15] and references therein). We mention that the Schwarzschild spacetime, the
Kottler spacetime, the Reissner-Nordstro¨m spacetime, as well as the Friedmann-Lemaˆıtre-
Robertson-Walker spacetimes are the ”oldest” examples of pseudosymmetric warped product
manifolds (see, e.g., [15, 20, 27, 48]).
A semi-Riemannian manifold (M, g), n ≥ 3, is called Ricci-pseudosymmetric if the tensors
R · S and Q(g, S) are linearly dependent at every point of M (see, e.g., [2, Chapter 8.5.3],
[12]). This is equivalent on US to
R · S = LS Q(g, S),(4.4)
where LS is some function on this set. Every warped product manifold M ×F N˜ with a 1-
dimensional (M, g) manifold and an (n−1)-dimensional Einstein semi-Riemannian manifold
(N˜, g˜), n ≥ 3, and a warping function F , is a Ricci-pseudosymmetric manifold, see, e.g., [4,
Section 1] and [15, Example 4.1].
A semi-Riemannian manifold (M, g), n ≥ 4, is said to be Weyl-pseudosymmetric if the
tensors R · C and Q(g, C) are linearly dependent at every point of M [11, 12]. This is
equivalent on UC to
R · C = L1Q(g, C),(4.5)
where L1 is some function on this set. Using (2.2), we can check that on every Einstein
manifold (M, g), n ≥ 4, (4.5) turns into
R · R = L1Q(g, R).
For a presentation of results on the problem of the equivalence of pseudosymmetry, Ricci-
pseudosymmetry and Weyl-pseudosymmetry we refer to [12, Section 4].
A semi-Riemannian manifold (M, g), n ≥ 4, is said to have pseudosymmetric Weyl tensor
if the tensors C · C and Q(g, C) are linearly dependent at every point of M (see, e.g.,
[11, 12, 15]). This is equivalent on UC to
C · C = LC Q(g, C),(4.6)
where LC is some function on this set. Every warped product manifold M1 ×F M2, with
dim M1 = dimM2 = 2, satisfies (4.6) (see, e.g., [11, 12, 15] and references therein). Thus in
particular, the Schwarzschild spacetime, the Kottler spacetime and the Reissner-Nordstro¨m
spacetime satisfy (4.6). Recently semi-Riemannian manifolds with pseudosymmetric Weyl
tensor were investigated in [11, 23].
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Warped product manifolds M ×F N˜ , of dimension ≥ 4, satisfying on UC ⊂ M × N˜ , the
condition
R · R−Q(S,R) = LQ(g, C),(4.7)
where L is some function on this set, were studied among others in [7]. In [7] necessary and
sufficient conditions for M ×F N˜ to be a manifold satisfying (4.7) are given. Moreover, in
that paper it was proved that any 4-dimensional warped product manifold M ×F N˜ , with a
1-dimensional base (M, g), satisfies (4.7) [7, Theorem 4.1].
We refer to [4, 6, 7, 11, 12, 13, 15, 19, 20, 23, 47, 48] for details on semi-Riemannian
manifolds satisfying (4.2) and (4.4)-(4.7), as well other conditions of this kind, named pseu-
dosymmetry type curvature conditions. We also refer to [23, Section 3] for a recent survey
on manifolds satisfying such curvature conditions. It seems that the condition (4.2) is the
most important condition of that family of curvature conditions (see, e.g., [15]).
5. Roter spaces
The manifold (M, g) is said to be a quasi-Einstein manifold if
rank(S − α g) = 1(5.1)
on US ⊂ M , where α is some function on US. It is known that every warped product
manifold M×F N˜ with an 1-dimensional (M, g) base manifold and a 2-dimensional manifold
(N˜, g˜) or an (n−1)-dimensional Einstein manifold (N˜, g˜), n ≥ 4, and a warping function F ,
is a quasi-Einstein manifold (see, e.g., [4, 15]). We note that (5.1) implies [31, eq. (8)]
S2 = (κ− (n− 2)α)S − α(κ− (n− 1)α) g.(5.2)
We mention that quasi-Einstein manifolds arose during the study of exact solutions of the
Einstein field equations and the investigation on quasi-umbilical hypersurfaces of conformally
flat spaces, see, e.g., [12, 15] and references therein. Quasi-Einstein hypersurfaces in semi-
Riemannian spaces of constant curvature were studied among others in [21, 31], see also
[12] and references therein. Quasi-Einstein manifolds satisfying some pseudosymmetry type
curvature conditions were investigated recently in [4, 11, 13, 23].
According to [3, Foreword] (precisely, [54, p. 20]) a Riemannian manifold (M, g), n ≥ 3,
is said to be partially Einstein space if at every point of M its Ricci operator S has at most
two distinct eigenvalues. More generally, a semi-Riemannian manifold (M, g), n ≥ 3, will be
called partially Einstein space if at every point x ∈ US ⊂M its Ricci operator S satisfies
S
2 = λ S+ µ Idx,
or equivalently,
S2 = λS + µ g,(5.3)
where λ, µ ∈ R and Idx is the identity transformation of TxM . We can also present (5.3) in
the form (cf. the proof of Proposition 3.2 (iv))
S2 −
trg(S
2)
n
g = λ (S −
κ
n
g).
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Evidently, (5.2) is a special case of (5.3). Thus, every quasi-Einstein manifold is a partially
Einstein manifold. The converse statement is not true.
A semi-Riemannian manifold (M, g), n ≥ 3, is called a 2-quasi-Einstein manifold if
rank(S − α g) ≤ 2(5.4)
on US and rank(S−α g) = 2 on some open non-empty subset of US, where α is some function
on US (see, e.g., [17]). Every warped product manifold M ×F N˜ with a 2-dimensional base
manifold (M, g) and a 2-dimensional manifold (N˜ , g˜) or an (n − 2)-dimensional Einstein
semi-Riemannian manifold (N˜, g˜), when n ≥ 5, and a warping function F satisfies (5.4)
(see, e.g., [15, Theorem 6.1]). Thus some exact solutions of the Einstein field equations
are non-conformally flat 2-quasi-Einstein manifolds. For instance, the Reissner-Nordstro¨m
spacetime, as well as the Reissner-Nordstro¨m-de Sitter type spacetimes are such manifolds
(see, e.g., [37]). It seems that the Reissner-Nordstro¨m spacetime is the ”oldest” example of
a non-conformally flat 2-quasi-Einstein warped product manifold [15, Section 1]. It is known
that every 2-quasi-umbilical hypersurface in a semi-Riemannian space of constant curvature
is a 2-quasi-Einstein manifold (see, e.g., [17]).
If a non-quasi-Einstein semi-Riemannian manifold (M, g), n ≥ 4, satisfies on US∩UC ⊂M
(4.2) and (4.6) or (4.2) and (4.7), then on this set we have
R =
φ
2
S ∧ S + µ g ∧ S +
η
2
g ∧ g,(5.5)
where φ, µ and η are some functions on US ∩ UC (cf. [15, Section 1]). A semi-Riemannian
manifold (M, g), n ≥ 4, satisfying (5.5) on US ∩UC ⊂M is called a Roter type manifold, or
a Roter manifold, or a Roter space [10, 15, 17, 20]. If we set in Proposition 3.2 B = R, and
in a consequence, (Ric(B)) = S, (Ric(B))2 = S2, κ(B) = κ and (Weyl(B)) = C, we obtain
a family of curvature conditions which are satisfied on Roter type manifolds. In particular,
(4.2) and (4.4)-(4.7), as well as
C · R−R · C = Q(S, C)−
κ
n− 1
Q(g, C),
are satisfied on such manifolds (see, e.g., [15, Theorem 3.2, Proposition 3.3], [19, Theorem
2.4]). Moreover, from (3.8) it follows that every Roter type manifold is a partially Einstein
space. Roter type manifolds and in particular Roter type hypersurfaces in semi-Riemannian
spaces of constant curvature were studied in: [5, 10, 11, 13, 16, 21, 24, 25, 26, 30, 36, 37].
Remark 5.1. (i) [19, Remark 2.5 (iv) and (v)] In the standard Schwarzschild coordinates
(t; r; θ;φ), and the physical units (c = G = 1), the Reissner-Nordstro¨m-de Sitter (Λ > 0),
and Reissner-Nordstro¨m-anti-de Sitter (Λ < 0) spacetimes are given by the line element (see,
e.g., [49])
ds2 = −h(r) dt2 + h(r)−1 dr2 + r2 (dθ2 + sin2 θ dφ2),(5.6)
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where h(r) = 1 − (2M/r) + (Q2/r2) − (Λr3/3) and M,Q,Λ are non-zero constants. The
metric (5.6) satisfies (5.5) with
φ =
3
2
(Q2 −Mr) r4Q−4, µ =
1
2
(Q4 + 3Q2Λr4 − 3ΛMr5)Q−4,
η =
1
12
(3Q6 + 4Q4Λr4 − 3Q4Mr + 9Q2Λ2r8 − 9Λ2Mr9) r−4Q−4.
If we set Λ = 0 in (5.6) then we obtain the line element of the Reissner-Nordstro¨m spacetime,
see, e.g., [32, Section 9.2] and references therein. It seems that the Reissner-Nordstro¨m
spacetime is the ”oldest” example of the Roter type warped product manifold.
(ii) [19, Remark 2.5 (vi)] Some comments on pseudosymmetric manifolds (also called Deszcz
symmetric spaces), as well as Roter spaces, are given in [5, Section 1]: ”From a geometric
point of view, the Deszcz symmetric spaces may well be considered to be the simplest
Riemannian manifolds next to the real space forms.” and ”From an algebraic point of view,
Roter spaces may well be considered to be the simplest Riemannian manifolds next to the real
space forms.” For further remarks and comments we refer to [56], as well as [20, 33, 34, 53, 55].
(iii) Recently in [22] warped product manifolds, with 2-dimensional base and with fiber of
constant curvature, which are Roter type manifolds and admit geodesic mappings were
constructed. In that paper it was also stated that manifolds geodesically related to these
warped products are also Roter type manifolds.
6. Hypersurfaces with two distinct affine principal curvatures
A non-degenerate hypersurface M in An+1, n ≥ 1, is called an improper affine hypersphere
if S is identically zero. If S = λ Id, where λ is a non-zero constant, then M is called a proper
affine hypersphere (see, e.g., [42, Definition 3.3]). We note that if M is a proper affine
hypersphere in An+1, n ≥ 2, then (1.2), (1.3), (1.5), (3.2) and (3.3) turn into
S = λ h, R∗ =
λ2
2
h ∧ h, Ric(R∗) = (n− 1)λ2 h, R∗ · R∗ = Q(Ric(R∗), R∗) = 0,
respectively.
If M is a non-degenerate hypersurface in An+1, n ≥ 3, then R∗ = 1
2
S ∧S, i.e. (1.3), holds
on M . Evidently, (1.3) is a particular case of (3.6). Now, in view of Proposition 3.1 and
(1.4)-(1.6), we get
Theorem 6.1. On any non-degenerate hypersurface M in An+1, n ≥ 3, the following con-
ditions are satisfied: Ric(R∗) = trh(S)S − S
2, i.e. (1.5)(a); R∗ · R∗ = Q(Ric(R∗), R∗), i.e.
(1.6); R∗ ·Ric(R∗) = Q(Ric(R∗), S), and
R∗ ·Weyl(R∗) = Q(Ric(R∗), R∗)−
1
n− 2
h ∧Q(Ric(R∗), S).
As it was mentioned in Section 1, for affine quasi-umbilical M in An+1, n ≥ 3, the tensor
Weyl(R∗) vanishes [44]. The converse statement is true, when n ≥ 4 [9].
Theorem 6.2. [9, Theorem 4.8] Let M be a non-degenerate hypersurface in An+1, n ≥ 4.
Then M is affine quasi-umbilical if and only if the tensor Weyl(R∗) vanishes on M .
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In Section 5 we presented the definition of partially Einstein semi-Riemannian spaces.
Similarly, we can introduce the definition of affine partially Einstein hypersurfaces. A hy-
persurface M in An+1, n ≥ 3, will be called the affine partially Einstein hypersurface if at
every point x ∈M , at which the affine shape operator Sx is not proportional to the identity
transformation Idx, (1.9) is satisfied.
As it was noted in Section 1, if (1.7) is satisfied at a point x ∈ US ⊂ M , i.e. M is an
affine quasi-umbilical at x, then (1.8) holds at this point. Evidently, (1.8) is a particular
form of (1.9). Thus any affine quasi-umbilical hypersurface is an affine partially Einstein
hypersurface.
We assume now that (1.9) is satisfied on a non-degenerate hypersurface M in An+1, n ≥ 3.
Proposition 3.1, (1.3), (1.6) and (1.9), yield
R∗ · R∗ = Q(Ric(R∗), R∗) = Q(trh(S)S − S
2,
1
2
S ∧ S) = Q(−S2,
1
2
S ∧ S)
= Q(L1 S + Lh,
1
2
S ∧ S) = LQ(h,
1
2
S ∧ S) = LQ(h,R∗).
Thus we have
Theorem 6.3. If the condition S2 + L1 S + Lh = 0, i.e. (1.9), is satisfied on a non-
degenerate hypersurface M in An+1, n ≥ 3, then R∗ · R∗ = LQ(h,R∗), i.e. (1.10), holds on
M .
We assume again thatM is an affine quasi-umbilical hypersurface in An+1, n ≥ 3, satisfying
at every point x ∈ M the condition (1.7). Thus (1.8) holds at every point of M . Note that
(1.8), by (1.5)(a) and (1.9), turns into
Ric(R∗)− ρ(trh(S)− ρ) h = (n− 2)ρ (S − ρ h).(6.1)
If in addition, ρ 6= 0 at x, then (1.7), (1.8) and (6.1) yield
rank(Ric(R∗)− ρ(trh(S)− ρ) h) = (n− 2)ρ rank(S − ρ h) = 1.(6.2)
This, together with Theorem 6.3, leads to the following theorem.
Theorem 6.4. Let M be an affine quasi-umbilical hypersurface M in An+1, n ≥ 3, and let
at every point x ∈ M the condition (1.7) be satisfied. Then (1.10) holds on M , with the
function L defined by L = L(x) = ρ(trh(S) − (n− 1)ρ). Moreover, if ρ 6= 0 at x then (6.2)
holds at this point.
Further, we have
Theorem 6.5. Let M be a non-degenerate hypersurface M in An+1, n ≥ 4, and let U be the
set of all points of URic(R∗) ∩ UWeyl(R∗) ⊂ M at which (1.13) is satisfied.
(i) If R∗ · R∗ = LQ(h,R∗), i.e. (1.10), is satisfied on U then (1.14) and
R∗ =
φ
2
(Ric(R∗)− Lh) ∧ (Ric(R∗)− Lh)(6.3)
hold on U, where φ is some function on this set.
(ii) Let the following condition be satisfied on U
R∗ =
φ
2
Ric(R∗) ∧ Ric(R∗) + µ h ∧ Ric(R∗) +
η
2
h ∧ h,
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where φ, µ and η are some functions on this set. Then we have on U
R∗ · R∗ = ((n− 2)(µ2 − φη)− µ)φ−1Q(h,R∗).
Proof. The conditions (1.6) and (1.10) yield Q(Ric(R∗) − Lh,R∗) = 0. From this, in
view of Proposition 2.1, it follows immediately that (6.3) holds on U. Furthermore, from
(6.3), in view of Proposition 3.2(iii), we get (1.14). The second assertion is an immediate
consequence of Proposition 3.2(i). Our theorem is thus proved. 
The conditions (1.4), (1.11) and Theorem 6.1 yield
Theorem 6.6. Let M be a non-degenerate hypersurface in An+1, n ≥ 3. If M is an affine
Einstein∗ hypersurface then the following conditions are satisfied on M :
S2 −
trh(S
2)
n
h = trh(S) (S −
trh(S)
n
h), κ(R∗) (R∗ · h−Q(h, S)) = 0,
R∗ ·R∗ =
κ(R∗)
n
Q(h,R∗), Weyl(R∗) =
1
2
S ∧ S −
κ(R∗)
2(n− 1)n
h ∧ h.
Example 6.1. (i) Let M be a locally strongly convex hypersurface in An+1, n ≥ 3. Let
ρ1, ρ2, . . . , ρn be affine principal curvatures at a point x ∈ M . Moreover, let λ1 = ρ1 = . . . =
ρk and λ2 = ρk+1 = . . . = ρn, 1 ≤ k < n and λ1 6= λ2. Evidently, we have
S
2
x − (λ1 + λ2) Sx + λ1λ2 Idx = 0.
This, by (1.2), turns into
S2x − (λ1 + λ2)Sx + λ1λ2 hx = 0.(6.4)
Now, in view of Theorem 6.3, we have at this point
R∗ · R∗ = λ1λ2Q(h,R
∗).
Further, using (1.5) and (6.4) we get
(Ric(R∗))x = trh(Sx)Sx − S
2
x = ((k − 1)λ1 + (n− k − 1)λ2)Sx + λ1λ2 hx,(6.5)
(κ(R∗))x = (trh(Sx))
2 − trh(S
2
x) = (kλ1 + (n− k)λ2)
2 − kλ21 − (n− k)λ
2
2
= k(k − 1)λ21 + (n− k)(n− k − 1)λ
2
2 + 2k(n− k)λ1λ2.
(ii) If k = 1, resp., k = n−1, then rank(Sx−λ2 Idx) = 1, resp., rank(Sx−λ1 Idx) = 1. Thus,
in both cases, M is affine quasi-umbilical at x, and, in a consequence, W (R∗) = 0 at this
point.
(iii) We assume that 2 ≤ k ≤ n− 2 and (k − 1)λ1 + (n− k − 1)λ2 6= 0. Now from Theorem
6.2 and (6.5) it follows that the tensors W (R∗) and Ric(R∗) − (κ(R∗)/n) h are non-zero at
x. This means that x ∈ URic(R∗) ∩ UWeyl(R∗). Furthermore, (1.3), by (6.5), turns into
R∗x =
φx
2
((Ric(R∗))x− λ1λ2 hx) ∧ ((Ric(R
∗))x − λ1λ2 hx),
where φx = ((k − 1)λ1 + (n− k − 1)λ2)
−2.
(iv) LetM be a locally strongly convex hypersurface in A5 having at every point exactly two
distinct affine principal curvatures λ1 = ρ1 = ρ2 and λ2 = ρ3 = ρ4. A family of hypersurfaces
having this property is determined in [46]. We have rank(S − λ1 h) = rank(S − λ2 h) = 2,
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i.e. (1.15) holds on M . This means that M is an affine 2-quasi-umbilical hypersurface.
(v) In [40, Main Theorem], among other things, a class of locally strongly convex hypersur-
faces M in An+1, n ≥ 3, with two distinct affine principal curvatures λ1 = 0 and λ2 6= 0,
with multiplicities 1 + m1, m1 ≥ 1, and m2, respectively, is determined. This class of hy-
persurfaces contains affine quasi-umbilical hypersurfaces, provided that m2 = 1, as well as
affine 2-quasi-umbilical hypersurfaces, provided that m2 = 2.
Using the above presented results we can easily prove the following theorem.
Theorem 6.7. Let M be a locally strongly convex hypersurface in An+1, n ≥ 4.
(i) If at every point x of M the affine shape operator Sx has exactly two distinct affine
principal curvatures λ1 and λ2 then (1.10) holds on M , with the function L defined by
L = L(x) = λ1λ2.
(ii) If at every point x of M the affine shape operator Sx has exactly two distinct affine
principal curvatures λ1 and λ2 of multiplicities k and n− k, respectively, such that
(k − 1)λ1 + (n− k − 1)λ2 6= 0, 2 ≤ k ≤ n− 2,(6.6)
then (6.3) holds on M , where φ is some function.
(iii) If at every point x of M the affine shape operator Sx has exactly two distinct affine
principal curvatures λ1 and λ2 of multiplicities ≥ 2 such that λ1λ2 > 0 (λ1λ2 < 0) or λ1 6= 0
and λ2 = 0 (λ1 = 0 and λ2 6= 0) then (6.3) and (6.6) hold on M , where φ is some function.
(iv) If the affine shape operator Sx of a four dimensional hypersurface M has at every point
exactly two distinct affine principal curvatures λ1 and λ2, both of multiplicities 2, then M is
an affine 2-quasi-umbilical hypersurface.
7. Hypersurfaces with three distinct affine principal curvatures
Let a non-degenerate hypersurface M in An+1, n ≥ 4, be an affine 2-quasi-umbilical
hypersurface and let (1.15) be satisfied on some open non-empty subset U ⊂ US. If we set
A = S − ρ h(7.1)
then (1.5)(a) turns into
Ric(R∗) = −A2 + α1A+ α2 h,(7.2)
where
(a) α1 = tr(A) + (n− 2)ρ, (b) α2 = ρ(tr(A) + (n− 1)ρ).(7.3)
Further, by making use of Proposition 3.4 (i), (7.2), (7.3) and the assumption rank(A) = 2,
we can easily check that the following equations are satisfied on U
(Ric(R∗)− α2 h) ∧ (Ric(R
∗)− α2 h) = τ A ∧ A,(7.4)
τ =
1
2
((tr(A))2 − tr(A2)) + (n− 2)ρ(tr(A) + (n− 2)ρ).(7.5)
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From (7.1) we get S = A + ρ h. Using this, (1.3) and (1.15) we obtain
A ∧ A = (S − ρ h) ∧ (S − ρ h),
A ∧ A = S ∧ S − 2ρ h ∧ S + ρ2 h ∧ h,
S ∧ S = A ∧A+ 2ρ h ∧ S − ρ2 h ∧ h,
S ∧ S = A ∧A+ 2ρ h ∧ (A+ ρ h)− ρ2 h ∧ h,
and
R∗ =
1
2
S ∧ S =
1
2
A ∧A + ρ h ∧A +
ρ2
2
h ∧ h.(7.6)
If the function τ , defined by (7.5), vanishes at x ∈ U then rank(Ric(R∗)− α2 h) ≤ 1 at this
point. If τ is non-zero at x ∈ U then (7.4) and (7.6) yield
R∗ =
τ−1
2
(Ric(R∗)− α2 h) ∧ (Ric(R
∗)− α2 h) + ρ h ∧A +
ρ2
2
h ∧ h.(7.7)
From this, by a suitable contraction and an application of (7.3)(b), we obtain
(n− 2)ρA = (1− τ−1(κ(R∗)− nα2)) (Ric(R
∗)− α2 h) + τ
−1 (Ric(R∗)− α2 h)
2.(7.8)
Now (7.7) and (7.8) yield
(n− 2)τ R∗ =
n− 2
2
(Ric(R∗)− α2 h) ∧ (Ric(R
∗)− α2 h) +
(n− 2)τρ2
2
h ∧ h
+(τ − κ(R∗) + nα2) h ∧ (Ric(R
∗)− α2 h) + h ∧ (Ric(R
∗)− α2 h)
2.(7.9)
We set
B = R∗ −
α2
2(n− 1)
h ∧ h.
This by suitable contractions yields Ric(B) = Ric(R∗)−α2 h and κ(B) = κ(R
∗)−nα2. Now
(7.9) takes the form
(n− 2)τ B =
n− 2
2
Ric(B) ∧ Ric(B) + h ∧ (Ric(B))2
+(τ − κ(B)) h ∧ Ric(B) +
(n− 2)τ
2
(
ρ2 −
α2
n− 1
)
h ∧ h.(7.10)
From (7.10), in view of Proposition 3.3(ii), we get
B =
φ
2
Ric(B) ∧ Ric(B) +
φ
n− 2
h ∧ (Ric(B))2 +
1− κ(B)φ
n− 2
h ∧ Ric(B)
+
((κ(B))2 − tr(Ric(B))2))φ− κ(B)
2(n− 2)(n− 1)
h ∧ h, φ = τ−1.(7.11)
This, by (3.1), turns into
Weyl(B) = φ
(
1
2
Ric(B) ∧ Ric(B) +
1
n− 2
h ∧ (Ric(B))2
−
κ(B)
n− 2
h ∧ Ric(B) +
(κ(B))2 − tr((Ric(B))2)
2(n− 2)(n− 1)
h ∧ h
)
.(7.12)
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The above presented results and Proposition 3.2 lead to the following theorem.
Theorem 7.1. Let M be a non-degenerate affine 2-quasi-umbilical hypersurface in An+1,
n ≥ 4, and let (1.15) be satisfied on some open non-empty subset U ⊂ US ⊂ M . Moreover,
let τ be the function defined on U by (7.5).
(i) If τ = 0 at a point x ∈ U then rank(Ric(R∗)− α2 h) ≤ 1 at this point.
(ii) If τ 6= 0 at a point x ∈ U then at this point the conditions rank(Ric(R∗) − α2 h) ≥ 2,
(7.9), (7.11) and (7.12) are satisfied. In particular, if (1.12) is satisfied at every point of U
then (1.14) holds on this set.
Let M be a locally strongly convex hypersurface in An+1, n ≥ 4. If at the point x ∈ M
the affine shape operator Sx has affine principal curvatures λ1, λ2 and λ3 = . . . = λn = ρ
then (7.5), by (7.1), turns into
τ = (λ1 + (n− 3)ρ)(λ2 + (n− 3)ρ).(7.13)
We assume now that ρ = 0. Thus (7.13) reduces to τ = λ1λ2. We also have rank(S) = 2 at
x. Furthermore, from Proposition 3.4(i) it follows that
(S2 − trh(S)S) ∧ (S
2 − trh(S)S) = −
1
2
(trh(S
2)− (trh(S))
2)S ∧ S
at x. This, by (1.5)(b), turns into
Ric(R∗) ∧ Ric(R∗) =
1
2
((trh(S))
2 − trh(S
2))S ∧ S.(7.14)
If trh(S
2)− (trh(S))
2) 6= 0 at given point x then (1.3) and (7.14) yield
R∗ = ((trh(S))
2 − trh(S
2))−1Ric(R∗) ∧ Ric(R∗).
The presented above facts, Proposition 3.3 and Theorem 6.5(ii) lead to the following result.
Theorem 7.2. Let M be a locally strongly convex hypersurface in An+1, n ≥ 4, and let at
every point x of M the affine shape operator Sx has three distinct affine principal curvatures
λ1, λ2 and λ3 of the form λ1 6= 0, λ2 6= 0 and λ3 = . . . = λn = 0. Then on M we have
R∗ = φ
2
Ric(R∗)∧Ric(R∗), where the function φ is defined by φ = φ(x) = (λ1λ2)
−1. Moreover,
the following conditions are satisfied on M : κ(R∗) = 2φ−1, (Ric(R∗))2 = (κ(R∗)/2)Ric(R∗),
R∗ ·R∗ = 0, R∗ ·Weyl(R∗) = 0,
Weyl(R∗) · R∗ = Q(Ric(R∗)−
κ(R∗)
n− 1
h,Weyl(R∗)),
Weyl(R∗) ·Weyl(R∗) = −
(n− 3)κ(R∗)
2(n− 2)(n− 1)
Q(h,Weyl(R∗)),
and (1.14).
Let M be a non-degenerate hypersurface in An+1, n ≥ 3. From (1.5)(a) we get
(Ric(R∗))2 = S4 − 2trh(S)S
3 + (trh(S))
2 S2.(7.15)
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In addition, we assume that M is a locally strongly convex hypersurface having at every
point three distinct affine principal curvatures λ0, λ1 and λ2. Thus we have on M
S3 = αS2 + β S + γ h,(7.16)
where α = λ0 + λ1 + λ2, β = −λ0(λ1 + λ2)− λ1λ2 and γ = λ0λ1λ2. From (7.16) we obtain
S4 = (α2 + β)S2 + (αβ + γ)S + αγ h.(7.17)
Now (7.15), by making use of (7.16) and (7.17), turns into
A = µS,(7.18)
where
A = (Ric(R∗))2 + ((α− trh(S))
2 + β) Ric(R∗)− γ(α− 2trh(S)) h,(7.19)
µ = γ + (α− trh(S))(β + trh(S)(α− trh(S))).(7.20)
If µ vanishes at a point x ∈ M then M is affine partially Einstein∗ at this point. If µ is
non-zero at a point x ∈ M then from (7.18) it follows that S = µ−1A is satisfied on some
neighbourhood U ⊂M of this point. Moreover, (1.3) takes on U the form
R∗ =
1
2µ2
A ∧ A.(7.21)
Let M be a locally strongly convex hypersurface in An+1, n ≥ 3, having at every point
three distinct affine principal curvatures λ0, λ1 and λ2 with multiplicities 1, n1 and n2,
respectively. Now we can express (7.20) on M in the following form
µ = (λ0 + (n1 − 1)λ1 + (n2 − 1)λ2)(λ1λ2 + (n1λ1 + n2λ2)((n1 − 1)λ1 + (n2 − 1)λ2)).(7.22)
In a particular case, when n = 3, we have α = trh(S) and µ = γ on M . If at every point of
M all affine principal curvatures are non-zero then (7.21) holds on M . If at every point of
M at least one of its affine principal curvatures vanishes then M is affine partially Einstein∗
hypersurface. Thus we have
Theorem 7.3. Let M be a locally strongly convex hypersurface in An+1, n ≥ 3, and let at
every point x of M the affine shape operator Sx has three distinct affine principal curvatures
λ0, λ1 and λ2, with multiplicities 1, n1 and n2, respectively. Then the tensor A and the
function µ, defined by (7.19) and (7.20), respectively, satisfy on M the equations (7.18) and
(7.22). Moreover, we have:
(i) if µ vanishes at a point x ∈M then M is affine partially Einstein∗ at this point,
(ii) if µ is non-zero at a point x ∈ M then (7.21) holds on some neighbourhood U ⊂ M of
this point.
Example 7.1. (i) In [1, Section 5] a class of locally strongly convex hypersurfaces M in A6
with three distinct affine principal curvatures λ0, λ1 and λ2, with multiplicities 1, 2 and 2,
respectively, is determined.
(ii) As it was mentioned in Example 6.1(v), in [40, Main Theorem] a class of hypersurfaces
with two distinct affine principal curvatures is determined. Moreover, in that paper also
a class of hyperurfaces with three non-zero distinct affine principal curvatures λ0, λ1 and
λ2, with multiplicities 1, n1 and n2, respectively, is determined. In particular, that class
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of hypersurfaces contains affine 2-quasi-umbilical hypersurfaces, provided that n1 = 1 and
n ≥ 4.
At the end of this section we introduce notions of affine quasi-umbilical∗ and affine 2-
quasi-umbilical∗ hypersurface.
A hypersurface M in An+1, n ≥ 3, is called affine quasi-umbilical∗ at a point x ∈M if
rank(Ric(R∗)− ρ h) = 1, for some ρ ∈ R,(7.23)
at this point. From (7.23) we get
(Ric(R∗)− ρ h) ∧ (Ric(R∗)− ρ h) = 1.
This, by a suitable contraction, yields (1.12). Thus M is affine partially-Einstein∗ at this
point. If (7.23) holds at every point of M then M is an affine quasi-umbilical∗ hypersurface.
A hypersurface M in An+1, n ≥ 3, is called affine 2-quasi-umbilical∗ at a point x ∈M if
rank(Ric(R∗)− ρ h) = 2, for some ρ ∈ R,(7.24)
at this point. We set A = Ric(R∗) − ρ h. Now from Proposition 3.4(i) it follows that the
tensor A satisfies (3.22)-(3.25). If (7.24) holds at every point of M then M is an affine
2-quasi-umbilical∗ hypersurface.
8. Hypersufaces in space forms with three distinct principal curvatures
Let Nn+1(c), n ≥ 3, be a Riemannian space of constant curvature c = κ˜
n(n+1)
, where κ˜ is
its scalar curvature. Let M be a connected hypersurface isometrically immersed in Nn+1(c).
The Gauss equation of M in Nn+1(c), reads (see, e.g., [14, 17, 18, 19, 47])
Rhijk = HhkHij −HhjHik + cGhijk, Ghijk = ghkgij − ghjgik,(8.1)
where ghk, Rhijk, Ghijk andHhk are the local components of the metric tensor g, the curvature
tensor R, the tensor G and the second fundamental tensor of M , respectively. From (8.1),
by the contraction with gij, we get
Shk − (n− 1)c ghk = tr (H)Hhk −H
2
hk,(8.2)
where Shk and g
hk are the local components of the Ricci tensor S and the tensor g−1,
respectively, and tr (H) = gijHij , H
2
hk = g
ijHhiHjk. Further, from (8.2) we get immediately
S2 − 2(n− 1)c S + (n− 1)2c2g = H4 − 2tr (H)H3 + (tr (H))2H2.(8.3)
Evidently, the hypersurface M is partially Einstein if (5.3) holds at every point of US ⊂M .
We assume now that M has at every point three distinct principal curvatures λ0, λ1 and
λ2. From (8.2) it follows that US =M . Further, we have on M
H3 = αH2 + β H + γ g,(8.4)
where α = λ0 + λ1 + λ2, β = −λ0(λ1 + λ2)− λ1λ2 and γ = λ0λ1λ2. From (8.4) we obtain
H4 = (α2 + β)H2 + (αβ + γ)H + αγ g.(8.5)
Now (8.3), by making use of (8.2), (8.4) and (8.5), turns into
A = µH,(8.6)
22 RYSZARD DESZCZ, MA LGORZATA G LOGOWSKA AND MARIAN HOTLOS´
where
A = S2 + ((α− tr(H))2 + β − 2(n− 1)c)S
+((n− 1)2c2 − (β + (α− tr(H))2)(n− 1)c− γ(α− 2tr(H))) g,(8.7)
µ = γ + (α− tr(H))(β + tr(H)(α− tr(H))).(8.8)
Thus we see that if µ vanishes at a point x ∈ M then M is partially Einstein at this point.
If µ is non-zero at a point x ∈ M then from (8.6) it follows that H = µ−1A is satisfied on
some neighbourhood U ⊂ M of this point. Moreover, (8.1) takes on U the form
R =
1
2µ2
A ∧A+ cG.(8.9)
As it was stated in Section 7, if λ0, λ1 and λ2 are principal curvatures with multiplicities 1,
n1 and n2, respectively, then we can express (8.8) by (7.22). Thus we have
Theorem 8.1. Let M be a hypersurface in a space form Nn+1(c), n ≥ 3, having at every
point x of M three distinct principal curvatures λ0, λ1 and λ2, with multiplicities 1, n1
and n2, respectively. Then the tensor A and the function µ, defined by (8.7) and (8.8),
respectively, satisfy on M the equations (8.6) and (7.22). Moreover, we have:
(i) if µ vanishes at a point x ∈M then M is partially Einstein at this point,
(ii) if µ is non-zero at a point x ∈ M then (8.9) holds on some neighbourhood U ⊂ M of
this point.
Example 8.1. (i) Hypersurfaces isometrically immersed in space forms having at every
point two distinct principal curvatures also satisfy some curvature conditions of pseudosym-
metry type, see, e.g., [14, Section 5] and [19, Section 3].
(ii) Hypersurfaces isometrically immersed in an Euclidean space En+1, n ≥ 5, having at every
point three distinct principal curvatures λ0, λ1 and λ2, with multiplicities 1, n1 and n2, re-
spectively, were investigated among others in [47]. Curvature properties of pseudosymmetry
type of such hypersurfaces, in the particular case when n1 = n2 ≥ 2 were determined in [47,
Section 4]. Moreover, in [47, Section 5] a class of hypersurfaces having at every point three
distinct principal curvatures λ0, λ1 and λ2, with multiplicities 1, n1 and n2, respectively,
satisfying in addition (n1−1)λ1+(n2−1)λ2 = 0, i.e. λ0+λ1+λ2 = tr(H), was determined.
Note that on those hypersurfaces (8.8) reduces to µ = λ0λ1λ2.
(iii) In [17, Section 4] curvature properties of pseudosymmetry type of a particular class of
2-quasi-umbilical minimal hypersurfaces in En+1, n ≥ 4, were determined.
(iv) We refer to [2, Chapter 8.5.3] and [6, 14, 18, 19, 31] (see also references therein) for
further results on hypersurfaces in space forms with three distinct principal curvatures sat-
isfying curvature conditions of pseudosymmetry type.
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